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ABSTRACT
Budget management is an essential capability in many online ap-

plications, including running advertising campaigns in sponsored

search and allocating promotional content in recommender systems

(RS). Most existing approaches to optimising budget spendings rely

on improving worst-case approximation guarantees in the respec-

tive online knapsack packing problem or leveraging online learning

techniques to improve an average system performance. However,

worst-case approaches often underperform in practice, as extreme

scenarios are uncommon, while online learning methods may lack

robustness in highly non-stationary environments. In our work, we

bridge these two approaches by developing an online budget pacing

algorithm that preserves worst-case guarantees while improving

the average allocative efficiency of budget management systems.

Specifically, we frame the optimal budget allocation problem

within an online learning perspective, where strategies chosen by

the online learner are constrained by a primal-dual approximation

algorithm defining the environment. We identify a feedback loop

between the online learner’s strategy and environment’s response

and propose a method to break this loop, optimising average alloca-

tive efficiency without compromising worst-case guarantees. To

evaluate our approach, we conduct extensive offline experiments

using both synthetic and real-world data, covering 320M promo-

tional impressions across 20 different markets of a major industrial

RS. Our results demonstrate that our method significantly enhances

total allocated value and ROI across all markets.
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1 INTRODUCTION
To build a sustainable business, many online platforms rely on spon-

sored content, such as advertisements or promotional material, to

augment users’ search or recommendation feeds. These sponsored

campaigns typically come with fixed budgets, which platforms al-

locate over a set period to maximize exposure and engagement

among targeted user groups. Efficient budget utilization is crucial

for online platforms to maximize value per dollar spent, attract new

campaigns, and grow their sponsored revenue streams.

While numerous studies focus on optimizing budget spending,

most existing approaches fall into two categories. The first relies

on online approximation algorithms that offer theoretical worst-
case guarantees [1–3], while the second leverages online learning

techniques to improve budget allocation performance over time

on average [4–7]. The former approach, often based on the primal-

dual approximation of the online knapsack packing problem [2],

requires minimal prior domain knowledge. This makes it robust

to distributional shifts, which frequently occur in practice due to

seasonality and the constant influx of new campaigns. However,

prioritizing worst-case guarantees may not lead to strong average

performance, as worst-case scenarios are not always typical. In

contrast, online learning-based approaches improve the average

efficiency of budget management [4, 8]. However, they tend to be

less robust in highly dynamic environments where budgets, target-

ing parameters, and campaign durations fluctuate significantly. In

such cases, maintaining worst-case guarantees can enhance system

resilience to these distributional shifts.

In our work, we bridge the gap between these two research

streams by designing an algorithm that retains the robustness of

primal-dual approximations while improving average campaign

performance through online learning. Specifically, we approach the

budget management problem from an online learning perspective,

where the platform (as the online learner) dynamically allocates

shares of overall impressions to different campaigns at each time

step informed by past campaign performance.

We introduce a refined primal-dual algorithm that leverages

these provisional shares to enhance allocative efficiency while pre-

serving worst-case guarantees. Intuitively, our algorithm acts as a

non-stationary environment that interacts with the online learner.

This environment observes the learner’s strategy but adapts its own

allocation strategy to maintain worst-case guarantees. If misaligned,

this interaction can create a feedback loop that negatively impacts

system performance. To address this, we propose a method to break

the feedback loop by aligning the strategies of both the learner

1
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and the environment, thereby improving allocative efficiency while

ensuring robustness against distributional changes.

To evaluate our approach, we conduct experiments on a large-

scale dataset comprising 320 million sponsored requests from an

industrial RS operating across 20 markets. Our results demonstrate

that our method significantly enhances allocative efficiency and

return-on-investment (ROI) for campaigns in all 20 markets.

The key contributions of this work include:

• A novel integration of the primal-dual approximation tech-

nique with online learning, improving allocative efficiency

while maintaining robustness.

• A systematic resolution of the feedback loop between the

online learner’s strategy and the primal-dual environment,

enhancing performance stability.

• Extensive evaluations on synthetic and industrial datasets

show up to a 4.7% increase in total allocated value and an

8% boost in ROI, demonstrating the effectiveness of our

approach across diverse markets.

The rest of the paper is organized as follows: Section 2 reviews

related work. Section 3 formalizes our model and outlines primal-

dual approximation technique. Section 4 presents our algorithm,

while Section 5 discusses experimental results. Finally, Section 6

concludes with future research directions.

2 RELATEDWORK
Constrained Optimisation for Allocation Problems. Using con-

strained optimisation techniques to solve allocation problems is a

well-established approach. Brantley et. al. [7] employed a control-

theoretic method to rank items in RS under long-term constraints.

Unlike our work, their approach does not incorporate robustness

guarantees, instead optimising performance on average. Similarly,

ranking with fairness or diversity constraints has been explored

in [9–11]. These methods, however, focus on constructing a single

ranking rather than addressing the temporal allocation problem.

Balseiro at. al. [12–14] examined budget management in ad auc-

tions. In contrast, our work is not confined to a specific auction

setting and does not emphasize incentives or equilibrium analysis.

Approximation Algorithms. Agrawal et. al. [15] model the ad

allocation problem as bipartite graph matching and designed an

algorithm that achieves near-optimal solutions. However, their ap-

proach is limited to the offline setting, whereas our focus is on

online optimisation. In [2], the authors consider the temporal al-

location problem from an online knapsack packing perspective,

deriving a primal-dual approximation algorithm to solve it. They

later enhance their original method by incorporating stochastic

forecast into the primal-dual algorithm [1]. While these algorithms

offer strong theoretical guarantees, we argue that their average per-

formance is highly dependent on the quality of the forecast, which

can lead to arbitrarily poor outcomes. Our work builds on these

approaches to ensure consistently strong average performance.

Online Learning Approaches. Recent research has shifted focus

from worst-case performance to improving average performance.

Spaeh at. al. [16] introduced an online ad allocation algorithm that

remains robust against inaccurate predictions. Our work general-

izes this by developing a more comprehensive constrained online

learning framework that incorporates budget constraints while

maintaining worst-case guarantees. Primal-dual approaches with

predictions have been explored in [3]. In contrast to our work, the

authors focused on leveraging uncertainty in the impression-level

predictions rather than enhancing the performance of primal-dual

technique with campaign-level decisioning. In [8], the authors pro-

posed an online learning heuristic for budget throttling. This is

different from the bid pacing approach adopted in our work, and

lacks the theoretical guarantees. Ding et. al. [4] investigate multi-

armed bandits for budget pacing. Contrary to our work, they adopt

the perspective of a single bidder selecting the bid (i.e., arm) instead

of trying to allocate multiple campaigns in the most efficient way.

3 FORMAL MODEL & PRELIMINARIES
In this section, we define the key components of our budget alloca-

tion model for sponsored campaigns on an online platform.

Let 𝑁 ∈ N be the number of users arriving on the platform over

a fixed time horizon 𝑇 > 0, and let 𝑀 ∈ N denote the number

of sponsored campaigns. We assume that each user is shown a

single sponsored slot, which can be allocated to one of the of 𝑀

campaigns. Each campaign 𝑗 (where 𝑗 = 1, ..., 𝑀) has a fixed budget
𝐵 𝑗 > 0. The value of showing campaign 𝑗 to user 𝑖 is represented

by 𝑣𝑖 𝑗 ∈ [0, 1], a normalized score that can be either self-reported

through a bidding interface or estimated by the platform.

We define 𝜋𝑖 𝑗 ∈ [0, 1] as the probability that user 𝑖 clicks on the

content of campaign 𝑗 when it is displayed.
1
Since users arrive at

different time steps 𝑡 = 1, ...,𝑇 , we introduce 𝜋𝑡
𝑖 𝑗
, which represents

the click probability at time 𝑡 if the user is present at that time:

𝜋𝑡𝑖 𝑗 =

{
𝜋𝑖 𝑗 , if user 𝑖 arrives at time 𝑡

0, otherwise.

(1)

We introduce binary decision variables 𝑎𝑡
𝑖 𝑗
∈ {0, 1} to indicate

whether campaign 𝑗 is allocated to user 𝑖 at time 𝑡 . The total number

of impressions allocated to campaign 𝑗 up to time 𝑡 is given by

𝑄𝑡𝑗 =

𝑡∑︁
𝜏=1

𝑁∑︁
𝑖=1

𝑎𝑡𝑖 𝑗 .

The budget utilisation of campaign 𝑗 at time 𝑡 is then defined as:

𝑔𝑡𝑗 =
𝑄𝑡
𝑗

𝐵 𝑗
.

Finally, if campaign 𝑗 is allocated to user 𝑖 , the campaign incurs a

fixed cost 𝑝 ∈ R≥0, which is paid to the platform.
2

3.1 Offline Setting: Optimal Allocation Problem
We now formally define the optimal allocation problem. Our goal is

to design an allocation algorithm that maximizes the total expected

1
Practically, we can build a parametric model (e.g., DNN) to estimate these probabilities.

2
In the auction setting, we can let the price being equal to the reported value 𝑣𝑖 𝑗 .

2
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Data: Pacing coefficients 𝜆𝑗 , 𝑗 = 1, ..., 𝑀

1 𝑎𝑡
𝑖 𝑗
← 0 for all 𝑖, 𝑗, 𝑡

2 for 𝑡 = 1, ...𝑇 do
3 for 𝑖 = 1, ..., 𝑁 do
4 𝑏𝑡

𝑖 𝑗
← 𝜋𝑡

𝑖 𝑗
𝑣𝑖 𝑗 − 𝜆𝑗 , ∀ 𝑗 = 1, ..., 𝑀

5 𝑗∗ ← argmax𝑗 {𝑏𝑡𝑖 𝑗 :

∑𝑇
𝑡=1

∑𝑁
𝑖=1 𝑎

𝑡
𝑖 𝑗

< 𝐵 𝑗 }
6 if 𝑏𝑡

𝑖 𝑗∗ < 0 then
7 Do not allocate user 𝑖

8 else
9 𝑎𝑡

𝑖 𝑗∗ ← 1 //Allocate the highest bidder

10 return 𝑎𝑡
𝑖 𝑗
, ∀𝑡, 𝑖, 𝑗

Algorithm 1: Optimal Offline Allocation Algorithm

sponsored valuewhile satisfying budget and feasibility constraints:
3

max

𝑎𝑡
𝑖 𝑗
∈{0,1}

𝑇∑︁
𝑡=1

𝑁∑︁
𝑖=1

𝑀∑︁
𝑗=1

𝜋𝑡𝑖 𝑗𝑣𝑖 𝑗𝑎
𝑡
𝑖 𝑗 (2)

s.t.,

𝑇∑︁
𝑡=1

𝑁∑︁
𝑖=1

𝑝𝑎𝑡𝑖 𝑗 ≤ 𝐵 𝑗 ∀𝑗 = 1, ..., 𝑀, (3)

𝑀∑︁
𝑗=1

𝑎𝑡𝑖 𝑗 ≤ 1 ∀𝑖 = 1, ..., 𝑁 ,∀𝑡 = 1, ...,𝑇 . (4)

The objective defined in Equation (2) seeks to maximise the

total expected sponsored value allocated over the time horizon 𝑇 .

Constraint (3) ensures that campaign budgets are not exceeded.

Without loss of generality, we set 𝑝 = 1 by normalizing the budgets

accordingly. Constraint (4) ensures that each user 𝑖 receives at most

one campaign allocation at any given time 𝑡 . We will now illustrate

the optimal solution to Problem (2)-(4) in an offline setting, where
all constraints (3)-(4) are known in advance.

Algorithm 1 implements a simple bidding algorithm that takes

pacing coefficients 𝜆 𝑗 as input and determines the allocation 𝑎𝑡
𝑖 𝑗
for

all users, campaigns, and time steps. Initially, all allocation variables

𝑎𝑡
𝑖 𝑗
are zero (line 1). As the users arrive (lines 2-3), the algorithm

1 assigns each user to the campaign 𝑗∗ with the highest paced bid
(lines 4-5):

𝑏𝑡𝑖 𝑗 = 𝜋𝑡𝑖 𝑗𝑣𝑖 𝑗 − 𝜆 𝑗 .
A campaign is allocated as long as its bid is non-negative and its

budget has not been exceeded (lines 6-9).

We now demonstrate that if the pacing coefficients 𝜆 𝑗 are equal

to the Lagrangian multipliers of the budget Constraint (3), then

Algorithm 1 provides an optimal solution to the allocation problem.

Statement 1. Let 𝜆 𝑗 , 𝑗 = 1, ..., 𝑀 be the Lagrangian multipliers
of Constraints (3). Then, Algorithm 1 solves Problem (2)-(4) optimally.

Proof. We provide the proof in the Appendix. □

In practice, both users and campaigns arrive dynamically over

time. As a result, the full set of constraints (3)-(4) is not known in

advance, making it impossible to solve Problem (2)-(4) optimally.

In the following section, we explore how the existing primal-dual

approximation technique [1] can be leveraged to derive a close-to-

optimal solution in this online setting.
3
This formulation is common and similar to the one presented in [2].

3.2 Online Setting: Primal-Dual Approximation

Data: Step size Δ𝑎 , Π ← min𝑖,𝑗,𝑡 {𝜋𝑡𝑖 𝑗 𝑣𝑖 𝑗 }
1 Set 𝑎𝑡

𝑖 𝑗
, 𝜆𝑗 , 𝛾𝑖𝑡 ← 0 for all 𝑖, 𝑗, 𝑡 ; 𝐴← log |1 + 2

Π max𝑖 𝑗𝑡 𝜋
𝑡
𝑖 𝑗
𝑣𝑖 𝑗 |

2 for 𝑡 = 1, ...𝑇 do
3 for 𝑖 = 1, ..., 𝑁 do
4 𝑠 𝑗 ← −𝜋𝑡𝑖 𝑗 𝑣𝑖 𝑗 for all 𝑗 = 1, ..., 𝑀

5 while ∃ 𝑗 : 𝑠 𝑗 < 0 do
6 𝑎𝑡

𝑖 𝑗
← 𝑎𝑡

𝑖 𝑗
+ Δ𝑎 , ∀ 𝑗 = 1, ..., 𝑀

7 𝜆𝑗 ← Π
2
exp{ 𝐴

𝐵 𝑗

∑𝑇
𝑡=1

∑𝑁
𝑖=1 𝑎

𝑡
𝑖 𝑗
} − Π

2

8 𝛾𝑖𝑡 ← Π
2
exp{𝐴∑𝑀

𝑗=1 𝑎
𝑡
𝑖 𝑗
} − Π

2

9 𝑠 𝑗 ← 𝜆𝑗 + 𝛾𝑖𝑡 − 𝜋𝑡𝑖 𝑗 𝑣𝑖 𝑗
10 𝑗∗ ← argmin𝑗 {𝑠 𝑗 :

∑𝑇
𝑡=1

∑𝑁
𝑖=1 𝜋

𝑡
𝑖 𝑗
𝑣𝑖 𝑗𝑎

𝑡
𝑖 𝑗

< 𝐵 𝑗 , 𝑎
𝑡
𝑖 𝑗
≤ 1}

11 𝑎𝑡
𝑖 𝑗∗ ← 1; 𝑎𝑡

𝑖 𝑗
← 0 ∀ 𝑗 ≠ 𝑗∗

12 return 𝑎𝑡
𝑖 𝑗
, ∀𝑡, 𝑖, 𝑗

Algorithm 2: Online Primal-Dual Allocation Algorithm

Algorithm 2 presents an approximate solution for Problem (2)-(4)

in the online setting. It takes as input the step size Δ𝑎 and the mini-

mal acceptable score, defined as Π = min𝑖, 𝑗,𝑡 {𝜋𝑡𝑖 𝑗𝑣𝑖 𝑗 }, and outputs

the allocation 𝑎𝑡
𝑖 𝑗
. Initially, all primal and dual variables are set to

zero (line 1). As users arrive (lines 2-3), Algorithm 2 incrementally

increases the allocation variables 𝑎𝑡
𝑖 𝑗
for all campaigns 𝑗 = 1, ..., 𝑀

(line 6), while simultaneously updating the dual variables 𝜆 𝑗 and 𝛾𝑖
(lines 7-8). Consequently, the respective slack variables 𝑠 𝑗 increase
(line 9) until they all become non-negative (line 5). Finally, the

algorithm allocates the campaign with the smallest slack 𝑠 𝑗 = 0,

provided that the budget constraint is not violated (lines 10-11).

From line 7 of Algorithm 2, we observe that as the budget utili-

sation 𝑔𝑡
𝑗
of campaign 𝑗 increases, the corresponding pacing coeffi-

cient 𝜆 𝑗 also increases:

𝜆𝑡𝑗 ←
Π

2

exp

{
𝐴 · 1

𝐵 𝑗

𝑇∑︁
𝑡=1

𝑁∑︁
𝑖=1

𝑎𝑡𝑖 𝑗︸           ︷︷           ︸
budget utilisation𝑔𝑡

𝑗

}
− Π

2

, ∀𝑗 = 1, ..., 𝑀. (5)

As a result, the slack variable 𝑠 𝑗 for campaign 𝑗 increases in future

time steps, reducing the likelihood of the campaign “winning” im-

pressions. This behaviour is intuitive: when a campaign’s budget

is nearly exhausted, it becomes more selective, prioritizing only

high-value opportunities. Figure 1 visualizes this dependency.

We now show that Algorithm 2 isO
(
log |1+ 2

Π max𝑖, 𝑗,𝑡 {𝜋𝑡𝑖 𝑗𝑣𝑖 𝑗 }|
)
-

competitive.

Statement 2. Algorithm 2 outputs an approximately optimal
solution to Problem (2)-(4) that is O

(
log |1 + 2

Π max𝑖, 𝑗,𝑡 {𝜋𝑡𝑖 𝑗𝑣𝑖 𝑗 }|
)
-

competitive.

Proof. We provide the proof in the Appendix. □

4 ENHANCING PRIMAL-DUAL SOLUTION
WITH ONLINE LEARNING

While Algorithm 2, discussed in Section 3.2 provides an approxi-

mately optimal allocation, its guarantees (Statement 2) are based

on worst-case guarantees. These guarantees do not depend on the

3
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Figure 1: Blue: Pacing curve from Equation (5). As the budget utilisa-
tion increases, the pacing coefficient gets larger, filtering out the low-
valued opportunities. Orange: Linear segment of the pacing curve
from our refined Algorithm 3. If the budget utilisation is smaller
than its anticipated value 𝑔𝑇

𝑗
, the pacing coefficient increases faster.

specific distribution of the setting, making them robust but poten-

tially conservative. In practice, however, the Budget Management

System (BMS) can continuously observe the performance of ongo-

ing campaigns. This real-time feedback allows the system to refine

its allocation strategy using online learning techniques, ultimately

improving overall performance on average.
In this section, we introduce an online learning algorithm that

preserves the worst-case guarantees established in Section 3.2 while

enhancing the system’s average performance. This is achieved

through a modification of the polynomial weights update (PWU)

algorithm [17–19].

To achieve this, we first present a refined version of Algorithm 2,

which incorporates an additional input representing the anticipated

(or provisional) performance of each campaign 𝑗 . This refinement

ensures that the computed allocation is at least as effective as the

one found by Algorithm 2. Next, we reformulate Problem (2)-(4)

from an online learning perspective [18] and demonstrate how to

derive an online learning strategy that aligns with the allocation

decisions of our refined primal-dual algorithm.

4.1 Refined Primal-Dual Approximation
We extend Algorithm 2 by incorporating an additional input repre-

senting the anticipated performance of each campaign. This enables

the algorithm to produce an allocation that is at least as effective as

the one derived from the standard primal-dual approach discussed

in Section 3.2. Algorithm 3 outlines our modified approach.

We define 𝑔𝑇
𝑗
∈ [0, 1] as the anticipated budget utilisation of

campaign 𝑗 by time𝑇 (see input data of Algorithm 3). The algorithm

begins by initializing all primal and dual variables to zero (line 1).

In line 2, we compute the anticipated pacing coefficient ˜𝜆 𝑗 for each

campaign 𝑗 based on the anticipated budget utilisation 𝑔𝑇
𝑗
and

Equation (5). As the users arrive (lines 3-4) we update the actual

utilisation 𝑔𝑡
𝑗
for each campaign 𝑗 (line 5), and initialise the slack

variables 𝑠 𝑗 (line 6). We then iteratively increase the allocation

variables 𝑎𝑡
𝑖 𝑗
(lines 7-8) while recalculating the dual variables 𝜆𝑡

𝑗

and 𝛾𝑖𝑡 . The key difference from Algorithm 2 lies in the update

rule for these dual variables. Specifically, if the utilization 𝑔𝑡
𝑗
of

Data: Step size Δ𝑎 , anticipated budget utilisation 𝑔𝑇
𝑗
∀ 𝑗 = 1, ..., 𝑀

1 Initialise 𝑎𝑡
𝑖 𝑗
← 0, 𝜆𝑗 ← 0, 𝛾𝑖𝑡 ← 0 for all 𝑖, 𝑗, 𝑡

2 ˜𝜆𝑗 ← Π
2
exp{𝐴𝑔𝑇

𝑗
} − Π

2
, ∀ 𝑗 = 1, ..., 𝑀 # Anticipated pacing coeff

3 for 𝑡 = 1, ...𝑇 do
4 for 𝑖 = 1, ..., 𝑁 do
5 𝑔𝑡

𝑗
← 1

𝐵 𝑗

∑𝑡
𝜏=1

∑𝑁
𝑖=1 𝑎

𝜏
𝑖 𝑗
, ∀ 𝑗 = 1, ..., 𝑀

6 𝑠 𝑗 ← −𝜋𝑡𝑖 𝑗 𝑣𝑖 𝑗 for all 𝑗 = 1, ..., 𝑀

7 while ∃ 𝑗 : 𝑠 𝑗 < 0 do
8 𝑎𝑡

𝑖 𝑗
← 𝑎𝑡

𝑖 𝑗
+ Δ𝑎 , ∀ 𝑗 = 1, ..., 𝑀

9 if 𝑔𝑡
𝑗
< 𝑔𝑇

𝑗
then

10 𝜆𝑡
𝑗
← 𝜆𝑗 +

˜𝜆𝑗

𝑔̃𝑇
𝑗

𝑎𝑡
𝑖 𝑗

𝐵 𝑗

11 𝛾𝑖𝑡 ← (𝜋𝑡𝑖 𝑗 𝑣𝑖 𝑗 − ˜𝜆𝑗 )𝑎𝑡𝑖 𝑗
12 else
13 𝜆𝑡

𝑗
← Π

2
exp{ 𝐴

𝐵 𝑗

∑𝑇
𝑡=1

∑𝑁
𝑖=1 𝑎

𝑡
𝑖 𝑗
} − Π

2

14 𝛾𝑖𝑡 ← Π
2
exp{𝐴∑𝑀

𝑗=1 𝑎
𝑡
𝑖 𝑗
} − Π

2

15 𝑠 𝑗 ← 𝜆𝑡
𝑗
+ 𝛾𝑖𝑡 − 𝜋𝑡𝑖 𝑗 𝑣𝑖 𝑗

16 𝑗∗ ← argmin𝑗 {𝑠 𝑗 :
∑𝑇

𝑡=1

∑𝑁
𝑖=1 𝜋

𝑡
𝑖 𝑗
𝑣𝑖 𝑗𝑎

𝑡
𝑖 𝑗

< 𝐵 𝑗 , 𝑎
𝑡
𝑖 𝑗
≤ 1}

17 𝑎𝑡
𝑖 𝑗∗ ← 1; 𝑎𝑡

𝑖 𝑗
← 0 ∀ 𝑗 ≠ 𝑗∗; 𝜆𝑗∗ ← 𝜆𝑡

𝑗

18 return 𝑎𝑡
𝑖 𝑗
, ∀𝑡, 𝑖, 𝑗

Algorithm 3: Refined Primal-Dual Allocation Algorithm

campaign 𝑗 remains below its anticipated value 𝑔𝑇
𝑗
, we increase the

corresponding variable 𝜆𝑡
𝑗
linearly (line 10), see the orange segment

in Figure 1. Otherwise, we revert to the update rule of Algorithm 2

(lines 13-14).
4
Finally, we allocate campaign 𝑗∗ with the smallest

slack value 𝑠 𝑗∗ = 0 (lines 16-17).

Definition 1. We say that the anticipated budget utilisation 𝑔𝑇
𝑗
is

compatible with Algorithm 3 if it does not exceed the realised budget
utilisation 𝑔𝑇

𝑗
produced by the algorithm, i.e., 𝑔𝑇

𝑗
≤ 𝑔𝑇

𝑗
.

The following statement demonstrates that Algorithm 3 is at

least as effective as Algorithm 2:

Statement 3. For any Π ≥ 0.064 and any compatible anticipated
budget utilisation 𝑔𝑇

𝑗
, 𝑗 = 1, ..., 𝑀 Algorithm 3 computes an approxi-

mately optimal solution to Problem (2)-(4) that is at least as good as
the one produced by Algorithm 2.

Proof. We provide the proof in the Appendix. □
We note that the threshold Π ≥ 0.064 is not overly restrictive,

as the low-value opportunities are typically filtered out during the

candidate generation step to ensure a positive user experience.

4.2 Online Learning Perspective
We now analyze Problem (2)-(4) from an online learning perspec-

tive [18, 20]. In this framework, we assume that at the beginning

of each time step 𝑡 the learner (i.e., the BMS) selects the shares of

impressions to allocate across different campaigns. This decision is

informed by the observed performance of campaigns from previous

time steps 𝑡 − 1, 𝑡 − 2, ...,, and so on.

The environment [20], as defined by Algorithm 3, observes the

BMS’s allocation choices and generates the actual distribution of

4
Observe, that this approach is different from the one discussed in [1] in the shape of

the pacing curve.

4



465

466

467

468

469

470

471

472

473

474

475

476

477

478

479

480

481

482

483

484

485

486

487

488

489

490

491

492

493

494

495

496

497

498

499

500

501

502

503

504

505

506

507

508

509

510

511

512

513

514

515

516

517

518

519

520

521

522

Optimising Budget Management via Primal-Dual Approximation with Constrained Polynomial Weights Update Conference’17, July 2017, Washington, DC, USA

523

524

525

526

527

528

529

530

531

532

533

534

535

536

537

538

539

540

541

542

543

544

545

546

547

548

549

550

551

552

553

554

555

556

557

558

559

560

561

562

563

564

565

566

567

568

569

570

571

572

573

574

575

576

577

578

579

580

impressions along with the corresponding rewards. The objective

of the BMS is to maximize the expected total reward over time 𝑇 .

We define the system’s set of actions as the set of campaigns,

𝑗 = 1, ..., 𝑀 , and assume that at each step 𝑡 , the system selects

a strategy 𝑝𝑡 = (𝑝𝑡
1
, ..., 𝑝𝑡

𝑀
) ∈ Δ(𝑀), representing a probability

distribution over these actions. Here, 𝑝𝑡
𝑗
∈ [0, 1] denotes the share

of impressions the system intends to allocate to campaign 𝑗 at time

𝑡 . Notably, the share 𝑝𝑡
𝑗
assigned to campaign 𝑗 uniquely determines

the anticipated budget utilisation𝑔𝜏
𝑗
(𝑝𝑡
𝑗
) for that campaign at future

time steps 𝜏 = 𝑡, ...,𝑇 :

𝑔𝜏𝑗 (𝑝
𝑡
𝑗 ) = min

{
1,
𝑄𝑡−1
𝑗
+ 𝑝𝑡

𝑗
· 𝑁 · (𝜏 − 𝑡 + 1)
𝐵 𝑗

}
, ∀𝑗 = 1, ..., 𝑀. (6)

Here, 𝑄𝑡−1
𝑗

is the number of impressions already allocated to cam-

paign 𝑗 by time 𝑡 (Section 3), and 𝑝𝑡
𝑗
𝑁 (𝜏−𝑡+1) denotes the expected

number of impressions that will be allocated to 𝑗 by time 𝜏 .

We now extend Definition 1 to define compatible strategies:

Definition 2. We say that the strategy 𝑝𝑡 of the learner is compat-
ible with Algorithm 3 if the respective anticipated budget utilisation
𝑔𝑇
𝑗
(𝑝𝑡 ) is compatible with Algorithm 3, i.e.,

𝑔𝑇𝑗 (𝑝
𝑡
𝑗 ) ≤

1

𝐵 𝑗

𝑇∑︁
𝜏=1

𝑁∑︁
𝑖=1

𝑎𝜏𝑖 𝑗 , ∀𝑗 = 1, ..., 𝑀. (7)

The environment can now be formally defined by Algorithm 3,

parametrized by 𝑔𝑇
𝑗
(𝑝𝑡
𝑗
). This environment observes the strategy

𝑝𝑡 chosen by the BMS, along with the corresponding anticipated

utilisation 𝑔𝑇
𝑗
(𝑝𝑡
𝑗
), and then allocates impressions according to the

rules of Algorithm 3. This process generates an allocative distribu-
tion 𝑞𝑡 (𝑝𝑡 ) = (𝑞𝑡

1
(𝑝𝑡 ), ..., 𝑞𝑡

𝑀
(𝑝𝑡 )) ∈ Δ(𝑀) over the 𝑀 campaigns,

as well as the rewards 𝑟𝑡 (𝑝𝑡 , 𝑞𝑡 ) = (𝑟𝑡
1
, ..., 𝑟𝑡

𝑀
) ∈ [0, 1]𝑀 :

𝑞𝑡𝑗 =

∑𝑁
𝑖=1 𝑎

𝑡
𝑖 𝑗

𝑁
∀𝑗 = 1, ..., 𝑀, ∀𝑡 = 1, ...,𝑇 , (8)

𝑟𝑡𝑗 =

∑𝑁
𝑖=1 𝜋

𝑡
𝑖 𝑗
𝑣𝑖 𝑗𝑎

𝑡
𝑖 𝑗∑𝑁

𝑖=1 𝑎
𝑡
𝑖 𝑗

∀𝑗 = 1, ..., 𝑀, ∀𝑡 = 1, ...,𝑇 , (9)

Here, 𝑎𝑡
𝑖 𝑗

is computed by Algorithm 3, parametrised by 𝑔𝑇 (𝑝𝑡 ).
Notably, similar to traditional online learning settings [18, 20],

the environment in our domain is non-stationary. As a result, the

rewards 𝑟𝑡
𝑗
may depend on the distribution 𝑝𝑡 chosen by the BMS,

and can fluctuate over time.

We can now reformulate the objective of Problem (2)-(4) from

the learner’s perspective:

max

𝑝𝑡 ∈Δ(𝑀 )

𝑇∑︁
𝑡=1

𝑀∑︁
𝑗=1

𝑞𝑡𝑗 (𝑝
𝑡 )𝑟𝑡𝑗

(
𝑝𝑡 , 𝑞𝑡 (𝑝𝑡 )

)
. (10)

In other words, the goal of the BMS is to determine a distribution

𝑝𝑡 of impressions across campaigns that maximise the expected

total allocated value, as determined by Algorithm 3, parametrised

by 𝑔𝑇 (𝑝𝑡 ). Crucially, while the BMS selects 𝑝𝑡 , the actual allocative

distribution 𝑞𝑡 may differ, as it is fully dictated by the environment.

Definition 3. We say that strategy 𝑝𝑡 is consistent if 𝑝𝑡
𝑗
= 𝑞𝑡

𝑗
for

all 𝑗 = 1, ..., 𝑀 .

In simple terms, the strategy of the BMS is consistent if it aligns

with the allocative distribution determined by the environment.

We will now argue that to maintain the worst-case guarantees

established in Statement 3, the systemmust focus solely on selecting

consistent strategies that maximise the objective in Equation (10).

First, observe that maximising (10) is equivalent to optimising:

max

𝑝𝑡 ∈Δ(𝑀 )
log

( 𝑇∑︁
𝑡=1

1

𝑇

𝑀∑︁
𝑗=1

𝑞𝑡𝑗 (𝑝
𝑡 )𝑟𝑡𝑗

(
𝑝𝑡 , 𝑞𝑡 (𝑝𝑡 )

) )
. (11)

Now, instead of optimising Objective (11) directly, we derive its

lower bound and optimize that bound instead:
5

max

𝑝𝑡 ∈Δ(𝑀 )
1

𝑇

𝑇∑︁
𝑡=1

𝑀∑︁
𝑗=1

𝑝𝑡𝑗

[
log 𝑟𝑡𝑗

(
𝑝𝑡 , 𝑞𝑡 (𝑝𝑡 )

)
+ log𝑞𝑡𝑗 (𝑝

𝑡 )︸                                 ︷︷                                 ︸
Instantaneous reward 𝑟 𝑡𝑗 .

]
+ 𝐻 (𝑝𝑡 ),

(12)

where 𝐻 (𝑝𝑡 ) represents the entropy of 𝑝𝑡 , and 𝑟𝑡
𝑗
is the instan-

taneous reward at time 𝑡 (see Appendix A.1.1 for derivation of

Equation (12)). Unlike Problem (10), where the distribution over ac-

tions 𝑞𝑡
𝑗
is determined by the environment, formulation (12) closely

follows the standard online learning framework [20]. Here, the prob-

abilities 𝑝𝑡
𝑗
are directly specified by the learner, and the objective is

regularized by the entropy term 𝐻 (𝑝𝑡 ).
Increasing 𝑝𝑡

𝑗
has two opposing effects on the instantaneous

reward. On the one hand, increasing 𝑝𝑡
𝑗
leads to a weak increase in

the anticipated utilisation 𝑔𝑇
𝑗
(𝑝𝑡
𝑗
), see Equation (6). This results in

a weakly higher anticipated coefficient
˜𝜆 𝑗 (line 2 of Algorithm 3),

leading to a weak increase in the average allocated value 𝑟𝑡
𝑗
for cam-

paign 𝑗 (Equation 9). Consequently, the term log 𝑟𝑡
𝑗
in Equation (12)

must increase. On the other hand, increasing
˜𝜆 𝑗 reduces the proba-

bility 𝑞𝑡
𝑗
of campaign 𝑗 being allocated (as shown in Algorithm 3).

As a result, the term log𝑞𝑡
𝑗
in Equation (12) must decrease.

Statement 4. If there exists an optimal solution to Problem (12)
that is compatible with Algorithm 3, then there also exists an optimal
solution 𝑝𝑡 that is consistent.

Proof. We provide the proof in the Appendix. □

Statement 4 allows us to restrict the search space to only con-

sistent strategies 𝑝𝑡 , thereby simplifying the overall optimisation

problem. As a result, we can rewrite Objective (12) as follows:

max

𝑝𝑡 ∈Δ(𝑀 )

𝑇∑︁
𝑡=1

𝑀∑︁
𝑗=1

𝑝𝑡𝑗 log 𝑟
𝑡
𝑗

(
𝑝𝑡 , 𝑞𝑡 (𝑝𝑡 )

)
− 𝐷𝐾𝐿 (𝑝𝑡 | |𝑞𝑡 ) (13)

s.t., 𝑝𝑡𝑗 = 𝑞𝑡𝑗 (𝑝
𝑡 ) ∀𝑡 = 1, ...,𝑇 , ∀𝑗 = 1, ..., 𝑀. (14)

Importantly, Constraint (14) implies that the solution 𝑝𝑡 must be a

fixed point of the allocative distribution 𝑞𝑡 (𝑝𝑡 ). Once this constraint
is satisfied, the KL-divergence term in the objective disappears,

thereby increasing the overall objective value.

5
A similar approach is used, for example, for derivation of Expectation Maximisation

algorithm [21].

5
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4.3 Constrained Polynomial Weights Update
We now illustrate how to compute strategy 𝑝𝑡 that is approximately

consistent. Recall from Algorithm 3 that campaign 𝑗 “wins” impres-

sion 𝑖 if:

𝜋𝑡𝑖 𝑗𝑣𝑖 𝑗 − 𝜆
𝑡
𝑗 ≥ 𝜋𝑡𝑖ℓ𝑣𝑖ℓ − 𝜆

𝑡
ℓ

for any campaign ℓ ≠ 𝑗 . Since at the beginning of step 𝑡 , the BMS has

no prior knowledge of the incoming scores 𝜋𝑡
𝑖 𝑗
𝑣𝑖 𝑗 , we assume a prior

belief of BMS 𝜋𝑡
𝑖 𝑗
𝑣𝑖 𝑗 = 𝑟𝑡−1

𝑗
+ 𝜖𝑡

𝑖 𝑗
, where 𝑟𝑡−1

𝑗
is the average reward

from the previous time step (Equation (9)) and 𝜖𝑡
𝑖 𝑗
∼ 𝐺𝑢𝑚𝑏𝑒𝑙 (.)

represents random noise. From this, the allocative distribution 𝑞𝑡

generated by Algorithm 3 as [22]:

𝑞𝑡𝑗 =
exp{𝑟𝑡−1

𝑗
− 𝜆𝑡

𝑗
}∑𝑀

ℓ=1 exp{𝑟𝑡−1ℓ
− 𝜆𝑡

ℓ
}
, 𝑗 = 1, ..., 𝑀. (15)

Thus, the consistency constraint (Equation 14) becomes:

𝑝𝑡𝑗 =
exp{𝑟𝑡−1

𝑗
− 𝜆𝑡

𝑗
(𝑔𝑡
𝑗
(𝑝𝑡
𝑗
))}∑𝑀

ℓ=1 exp{𝑟𝑡−1ℓ
− 𝜆𝑡

ℓ
(𝑔𝑡
ℓ
(𝑝𝑡
ℓ
))}

, 𝑗 = 1, ..., 𝑀, (16)

where 𝜆𝑡
𝑗
(𝑔𝑡
𝑗
(𝑝𝑡
𝑗
)) is computed using Equations (5) and (6).

This strategy mimics the standard PWU algorithm applied to

Problem (12) [20].
6
However, a key distinction is that 𝑝𝑡

𝑗
and the

rewards in Equation (16) are interlinked, creating a feedback loop

between the learner’s strategy of the learner and the environment’s

generated reward.

Breaking this feedback loop is essential to ensuring a strategy

that is consistent with Algorithm 3. Doing so would provide: a)

robustness guarantees for the primal-dual approximation, b) en-

forcement of budget and feasibility constraints, and c) improved

total allocated value in Problem (13)-(14). Algorithm 4 demonstrates

how to break this feedback loop using fixed point iteration.

Algorithm 4 starts by initialising the anticipated budget utilisa-

tion 𝑔 𝑗 for each campaign 𝑗 using its current (ongoing) utilisation.

It then iteratively refines this estimate by simulating interactions

with the environment. At each time step 𝜏 , the algorithm updates

the pacing coefficients 𝜆 𝑗 following lines 10-13 of Algorithm 3. It

then recomputes the learner’s strategy 𝑝𝜏
𝑗
and the expected number

of allocations 𝑝𝜏
𝑗
· 𝑁 . Lastly, it estimates the final budget utilisa-

tion 𝑔𝑇
𝑗
at the end of the time horizon 𝑇 . The algorithm terminates

once 𝑔𝑇
𝑗
converges to 𝑔 𝑗 , returning the final strategy 𝑝𝜏 and the

anticipated utilisation 𝑔𝑡
𝑗
.

Linking CPWU with Primal-Dual Approach. We now present

our final Primal-Dual Approximation algorithm with Constrained

Polynomial Weights Update. Algorithm 5 illustrates our overall

approach.

The algorithm takes the tolerance level and budgets as input,

and iteratively allocates the impression opportunities. Initially, in

line 1, all pacing coefficients 𝜆 𝑗 are set to zero. Since no prior

information about the quality of the campaigns is available, the

initial rewards 𝑟0
𝑗
are also set to zero. At each time step 𝑡 (lines

2-7), the algorithm first computes the consistent strategy 𝑝𝑡 and

6
Here, (𝑟𝑡−1

𝑗
− 𝜆 𝑗 (𝑝 𝑗 ) ) is correlated with the instantaneous reward 𝑟𝑡−1

𝑗
in Equation

(12). Indeed, for small values of 𝑟𝑡
𝑗
we have log 𝑟𝑡

𝑗
≈ 1+𝑟𝑡

𝑗
; Furthermore, as we increase

𝑝𝑡
𝑗
, the respective 𝜆 𝑗 (𝑔𝑡𝑗 (𝑝𝑡𝑗 ) ) increases, and hence, log(𝑞𝑡

𝑗
) must decrease.

Data: Tolerance Δ;𝑄𝑡−1
𝑗

, 𝑟𝑡−1
𝑗

, 𝜆𝑡
𝑗
, ∀ 𝑗 = 1, ..., 𝑀

𝑔𝑗 ← 𝑄𝑡−1
𝑗
/𝐵 𝑗 for all 𝑗 = 1, ..., 𝑀

do
˜𝜆𝑗 ← Π

2
exp{𝐴𝑔𝑗 } − Π

2
for all 𝑗 = 1, ..., 𝑀

𝜆𝑗 ← 𝜆𝑡
𝑗

for all 𝑗 = 1, ..., 𝑀

for 𝜏 = 𝑡, ...𝑇 do

𝑝𝜏
𝑗
←

exp{𝑟𝑡−1
𝑗
−𝜆𝑗 }∑𝑀

ℓ=1
exp{𝑟𝑡−1

ℓ
−𝜆𝑗 }

for all 𝑗 = 1, ..., 𝑀

𝑄𝜏
𝑗
← 𝑄𝜏−1

𝑗
+ 𝑝𝜏

𝑗
· 𝑁 for all 𝑗 = 1, ..., 𝑀

𝑔𝜏
𝑗
← min

{
1,𝑄𝜏

𝑗
/𝐵 𝑗

}
, for all 𝑗 = 1, ..., 𝑀

if 𝑔𝜏
𝑗
< 𝑔𝑗 then

𝜆𝑗 ← 𝑔𝜏
𝑗
·

˜𝜆𝑗

𝑔̃𝑗
for all 𝑗 = 1, ..., 𝑀

else
𝜆𝑗 ← Π

2
exp{𝐴𝑔𝜏

𝑗
} − Π

2
for all 𝑗 = 1, ..., 𝑀

𝑔𝑗 ←
𝑔̃𝑗 +𝑔𝑇𝑗

2

while max𝑗 { |𝑔𝑗 − 𝑔𝑇𝑗 | } ≥ Δ do

return 𝑝𝜏
𝑗
, ∀ 𝑗 = 1, ..., 𝑀 , ∀𝜏 = 𝑡, ...,𝑇 ; 𝑔𝑗 , ∀ 𝑗 = 1, ..., 𝑀 .

Algorithm 4: Computation of consistent strategies via fixed point

iteration.

Data: Tolerance level Δ, Budgets 𝐵 𝑗 , 𝑗 = 1, ..., 𝑀

1 Initialise𝑄0

𝑗
← 0, 𝑟 0

𝑗
← 0, 𝜆𝑗 ← 0 for all 𝑗 = 1, ..., 𝑀

2 for 𝑡 = 1, ...𝑇 do
3 𝑝𝑡 , 𝑔← Algorithm 4(Δ;𝑄𝑡−1

1
...𝑄𝑡−1

𝑀
; 𝑟𝑡−1

1
...𝑟𝑡−1

𝑀
;𝜆1 ...𝜆𝑀 )

4 𝑎𝑡
𝑖 𝑗
← Algorithm 3(𝑔𝑡

1
, ..., 𝑔𝑡

𝑀
) , for all 𝑗 = 1, ..., 𝑀 , 𝑖 = 1, ..., 𝑁

5 𝑄𝑡
𝑗
← 𝑄𝑡−1

𝑗
+∑𝑁

𝑖=1 𝑎
𝑡
𝑖 𝑗
∀ 𝑗 = 1, ..., 𝑀

6 𝑟𝑡
𝑗
=

∑𝑁
𝑖=1

𝜋𝑡
𝑖 𝑗
𝑣𝑖 𝑗𝑎

𝑡
𝑖 𝑗∑𝑁

𝑖=1
𝑎𝑡
𝑖 𝑗

∀ 𝑗 = 1, ..., 𝑀

7 if 𝑄𝑡
𝑗
/𝐵 𝑗 < 𝑔𝑗 then

𝜆𝑗 ← 𝑄𝑡
𝑗
/𝐵 𝑗 ·

˜𝜆𝑗

𝑔̃𝑗
for all 𝑗 = 1, ..., 𝑀

else
𝜆𝑗 ← Π

2
exp{𝐴 · 𝑄𝑡

𝑗
/𝐵 𝑗 } − Π

2
for all 𝑗 = 1, ..., 𝑀

8 return 𝑎𝑡
𝑖 𝑗
, ∀𝑡, 𝑖, 𝑗

Algorithm 5: Primal-Dual Allocation with Constrained Polyno-

mial Weights Updates.

the corresponding anticipated budget utilisation. This computation

relies on the known ongoing budget utilisations, observed qualities

𝑟 𝑗 , and pacing coefficients 𝜆 𝑗 (see line 3).

Next, the algorithm initialises the primal-dual environment with

the computed anticipated budget utilisation 𝑔, which is used to

allocate the arriving impressions through our refined version of

the primal-dual approximation. Following this, the quantities 𝑄 𝑗
and quality scores 𝑟 𝑗 are updated, along with the pacing multipliers.

The algorithm then proceeds to the next iteration, 𝑡 + 1.

5 EVALUATION
To gain a better intuition about our algorithm’s performance, we

first generate a synthetic dataset and we compare our approach

against several baselines using synthetic data. We then evaluate our

method on a real-world dataset comprising 320 million impression

6



697

698

699

700

701

702

703

704

705

706

707

708

709

710

711

712

713

714

715

716

717

718

719

720

721

722

723

724

725

726

727

728

729

730

731

732

733

734

735

736

737

738

739

740

741

742

743

744

745

746

747

748

749

750

751

752

753

754

Optimising Budget Management via Primal-Dual Approximation with Constrained Polynomial Weights Update Conference’17, July 2017, Washington, DC, USA

755

756

757

758

759

760

761

762

763

764

765

766

767

768

769

770

771

772

773

774

775

776

777

778

779

780

781

782

783

784

785

786

787

788

789

790

791

792

793

794

795

796

797

798

799

800

801

802

803

804

805

806

807

808

809

810

811

812

(a) Surplus Distribution (b) Pacing quality

Figure 2: Left: Total value, revenue and av. ROI of the campaigns.
Right: Budget utilisation of the campaigns over time.

opportunities and 1.5 thousand promotional campaigns, managed

by a major digital content provider in 20 existing markets.

5.1 Synthetic Data
Simulation Setup. We set the number of users to 𝑁 = 1000, the

number of campaigns to 𝑀 = 25, and the time horizon to 𝑇 = 21.

At each step 𝑡 = 1, ...,𝑇 , we randomly sample 50% of the 𝑁 users,

who then arrive sequentially on the platform at time 𝑡 . We generate

scores from a Beta distribution, 𝜋𝑖 𝑗 ∼ 𝐵𝑒𝑡𝑎(𝑀− 𝑗+1, 𝑗+1), ensuring
that campaignswith higher indices 𝑗 are less “clickable” (see Figure 7

in the Appendix). For simplicity, we set 𝑣𝑖 𝑗 = 1 for all 𝑖 = 1, ..., 𝑁 ,

∀𝑗 = 1, ..., 𝑀 . Finally, campaign budgets 𝐵 𝑗 are sampled from a

uniform distribution 𝐵 𝑗 ∼ 𝑈 {300, 500}.

Baselines & Metrics. We compare our approach against the fol-

lowing baselines:

• Random. A weak baseline that assigns sponsored items to

users uniformly at random.

• Greedy. For each user 𝑖 , this method selects the campaign 𝑗

with the highest score 𝜋𝑡
𝑖 𝑗
𝑣𝑖 𝑗 for allocation.

• Primal-Dual [23]. A standard Primal-Dual approach for on-

line knapsack packing problem, as described in Algorithm 2.

• Primal-Dual w. forecast [1]. A variation of the Primal-Dual

approach that incorporates stochastic forecasts as proposed

by Buchbinder et. al. [1].

• Primal-Dual w. CPWU . Our proposed primal-dual approach

with constrained polynomial weights update (see Algo-

rithm 5).

To evaluate these algorithms, we primarily measure the total al-

located value achieved, corresponding to our optimization objective

(2)). Additionally, we assess the total revenue collected by the BMS,

computed as the total budgets spent, i.e.,

∑𝑀
𝑗=1𝑄

𝑇
𝑗
. Finally, we re-

port the average ROI, defined as the mean ratio of total value to the

budget spent per campaign, i.e.,
1

𝑀

∑𝑀
𝑗=1 (

∑𝑇
𝑡=1

∑𝑁
𝑖=1 𝜋

𝑡
𝑖 𝑗
𝑣𝑖 𝑗𝑎

𝑡
𝑖 𝑗
)/𝑄𝑇

𝑗
.

Figure 3: Left: Convergence of Algorithm 4 at 𝑡 = 0. Right (Ablation
study): Total allocated value gains when using consistent strategies
relative to the inconsistent ones.

Results. Figure 2 presents the results on our synthetic data. First,

we observe that Primal-Dual w. CPWU (orange) achieves the highest

allocated value among all baselines (Figure 2a, top). Specifically,

our approach improves the total allocated value by +8.4% over the

Greedy baseline (blue), compared to only a +5.6% improvement of

the standard Primal-Dual (red) over Greedy.
Interestingly, while Primal-Dual w. forecast (green) offers better

worst-case guarantees than Primal-Dual, its average performance is

lower than even the weakest Random baseline (gray). This poor per-

formance stems from the inconsistency of the forecast (Section 4.2).

In our setting, the total supply is approximately equal to the to-

tal demand, meaning the anticipated budget utilisation should be

𝑔𝑇
𝑗
≈ 1 for all campaigns. However, setting 𝑔𝑇

𝑗
= 1 leads to very

large pacing coefficients 𝜆 𝑗 , causing many scores 𝜋𝑡
𝑖 𝑗
𝑣𝑖 𝑗 to fall be-

low 𝜆 𝑗 [1]. As a result, fewer campaigns get allocated, reducing the

overall budget spent (Figure 2a, centre), and ultimately lowering

the total allocated value.
7

To further highlight the importance of using consistent strategies,

we examine the convergence of Algorithm 4 at time 𝑡 = 0 in Figure 3

(left). The results show that the budget utilisation under a consistent

strategy (i.e., after convergence) differs significantly from its initial,

inconsistent estimate. As a result, Primal-Dual w. CPWU, when
employing a consistent strategy, achieves a 6.5% higher total value

compared to using inconsistent strategies (Figure 3 (right).

From Figure 2a (centre), we also observe a slight negative impact

(within -2.5%) of all pacing mechanisms on revenue compared to

the Greedy baseline. This is expected, as the objective of Problem

(2)-(4) is to maximise the total value, not revenue. Finally, we find

that the average ROI of Primal-Dual w. CPWU outperforms all other

baselines, achieving +12.1% over Greedy–nearly doubling the +6.2%
gains achieved by the standard Primal-Dual over Greedy.

We now analyze the pacing quality of all algorithms. Figure 2b

shows how budget utilisation evolves over time (axes are nor-

malised). Ideally, the budget should follow a linear diagonal trend:

spending too quickly may cause missed opportunities later, while

slow spending can lead underutilised budget and fewer allocations.

We observe that Random distributes spending almost linearly.

In contrast, Greedy prioritizes allocating the highest-scoring cam-

paigns first, leading to nearly full utilization of these campaigns

in less than half their duration. This is suboptimal, as a slower

7
We further illustrate this point by comparing the values of the pacing coefficients 𝜆 𝑗
of Primal-Dual w. forecast vs. Primal-Dual w. CPWU in Figure 8 in the Appendix.

7
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allocation could create better opportunities. Primal-Dual partially
mitigates this issue, reducing the variance among the curves (see

the third plot in Figure 2b).

Interestingly, with Primal-Dual w. forecast, lower-clickability
campaigns experience very low utilisation. As discussed earlier,

this occurs due to forecast inconsistencies–large 𝜆 𝑗 values for low-

valued campaigns reduces their chance of being allocated. Finally,

Primal-Dual w. CPWU further improves budget spending, resulting

in a more linear spending pattern compared to Primal-Dual.

5.2 Real-world Data
We now evaluate our approach using a real-world dataset contain-

ing past allocations of approximately 1500 sponsored campaigns

run by a major digital platform. This platform delivers a person-

alised feed recommending music, videos and podcasts to users, with

one fixed slot reserved for sponsored content. TheGreedy algorithm
serves as the platform’s production allocation policy.

Our dataset consists of one full day of logged data, represent-

ing approximately 320 million impression opportunities across 20

markets (countries). For each opportunity, the full set of candidate

campaigns, along with their respective scores 𝜋𝑖 𝑗 and budgets 𝐵 𝑗 , is

logged. This allows us to reallocate these candidates using Greedy,
Primal-Dual, Primal-Dual w. forecast and Primal-Dual w. CPWU
(excluding Random as it is a weak baseline).

To conduct our evaluation, we split our dataset into 𝑇 = 96

intervals of 15 minutes each, updating the pacing coefficients 𝜆 𝑗
for each campaign 𝑗 at the start of every interval. We report total

allocated value, ROI and budget spent, all measured relative to

Greedy. Our findings are in Table 1.

Total Value ROI Budget Spent

Primal-Dual +2.5% +5.3% -3%

Primal-Dual w. forecast -0.4% +6.7% -7.9%

Primal-Dual w. CPWU +4.7% +8.3% -3%

Table 1: Total value, ROI and budget spent relative to Greedy.

Figure 4: Total allocated value and ROI gains of Primal-Dual and
Primal-Dual CPWU relative to Greedy across 20 markets.

Total Value and ROI. First, we observe that both Primal-Dual and
Primal-Dual w. CPWU significantly increase total allocated value

and ROI compared to Greedy. On average, Primal-Dual achieves a
+2.5% improvement in total value over Greedy across all 20 markets,

while Primal-Dual w. CPWU further boosts this gain to +4.7%. The
ROI follows a similar trend, with Primal-Dual achieving +5.3% and

Primal-Dual w. CPWU reaching +8.3%.
In contrast, Primal-Dual w. forecast performs poorly. As dis-

cussed in Section 5.1, its forecast may be inconsistent, causing the

Figure 5: Total allocated value and ROI gains as a function of
Demand-to-Supply ratio for 20 existing markets.

algorithm to become overconfident. This leads to fewer allocations

(-7.9% of budget spent relative to Greedy, see Table 1), ultimately

reducing the total allocated value (-0.4% relative to Greedy).
Second, we find that Primal-Dual w. CPWU consistently outper-

forms standard Primal-Dual, both in total value and ROI (see Table 1
and Figure 4). More importantly, these gains are nearly uniform

across all 20 markets, as shown in Figure 4, where the orange bars

(representing Primal-Dual w. CPWU ) are consistently taller than

the blue bars (Primal-Dual) in most markets.

Role of Demand/Supply Ratio. We now analyze how demand-

to-supply ratio impact expected value and ROI gains. Figure 5

shows that these gains are significantly larger in markets with

lower demand-to-supply ratios. This trend is intuitive: when im-

pression opportunities outnumber the overall demand, campaigns

have more flexibility to wait for better opportunities. As a result,

they can allocate a larger share of high-value impressions, improv-

ing overall performance. Moreover, this finding suggests a poten-

tial revenue opportunity for the platform. In markets with higher

demand-to-supply ratios, increasing prices could help optimize

revenue without significantly reducing allocation efficiency.

Impact on Budget Utilisation. Finally, we observe that both Primal-
Dual and Primal-Dual w. CPWU spend 3% less budget compared

to Greedy. This is expected, as both methods allocate impressions

more selectively, leading to a slower budget spend. As a result, while

these approaches improve allocation efficiency, they may lead to a

slightly lower total number of allocations relative to Greedy.

5.3 Discussion
We evaluated our approach using both synthetic and real-world

data. Through synthetic experiments, we demonstrated that our

algorithm significantly increases total allocated value and ROI for

campaigns. These gains are further supported by notable improve-

ments in pacing quality, ensuring that budgets are spent smoothly

throughout the campaign duration. Additionally, our ablation study

highlighted the importance of consistent strategy computation,

leading to a +6.5% improvement over inconsistent strategies. We

then validated our approach on a large-scale industrial dataset from

a major digital platform. Our results show that our algorithm deliv-

ers substantial value and ROI gains in real-world settings. Notably,

these gains are consistent across all 20 markets and are particularly

pronounced in markets with low demand-to-supply ratios.
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6 CONCLUSIONS
We proposed a novel budget management algorithm that integrates

primal-dual approximation with constrained polynomial weights

update (CPWU) to achieve both worst-case guarantees and im-

proved allocative efficiency. Our approach bridges the gap between

traditional worst-case optimization techniques and adaptive online

learning methods by introducing a feedback-breaking mechanism,

ensuring robust budget allocation in dynamic environments.

Through extensive offline evaluations, we demonstrated that our

method significantly improves total allocated value and ROI com-

pared to existing approaches. Our findings highlight that Primal-

Dual with CPWU consistently outperforms standard Primal-Dual

and learning-based baselines, achieving up to a +4.7% increase in

allocated value and a +8.3% boost in ROI across 20 markets. Our

results indicate that the gains are particularly pronounced in low

demand-to-supply environments, providing insights for optimizing

pricing strategies in budget-constrained systems.

Our study reaffirms the importance of balancing worst-case

guarantees with learning-based adaptability in budget pacing al-

gorithms, paving the way for more efficient and flexible budget

management solutions in digital advertising and beyond. Future

work could explore how to adapt the model towards incorporating

additional constraints such as fairness or diversity.
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A APPENDIX
A.1 Proofs
First, we write down the dual for Problem (2)-(4):

min

𝜆 𝑗 ,𝛾𝑖 𝑗 ≥0

𝑀∑︁
𝑗=1

𝜆 𝑗𝐵 𝑗 +
𝑇∑︁
𝑡=1

𝑁∑︁
𝑖=1

𝛾𝑖𝑡 (17)

s.t., 𝜆 𝑗 + 𝛾𝑖𝑡 ≥ 𝜋𝑡𝑖 𝑗𝑣𝑖 𝑗 ∀𝑡, 𝑖, 𝑗 . (18)

Statement 1. Let 𝜆 𝑗 , 𝑗 = 1, ..., 𝑀 be the Lagrangian multipliers
of Constraints (3). Then, Algorithm 1 solves Problem (2)-(4) optimally.

Proof. First, we illustrate that if all bids for user 𝑖 at time 𝑡 are

negative, (i.e., 𝑏𝑡
𝑖 𝑗

< 0 for all 𝑗 = 1, ..., 𝑀), then user 𝑖 is not allocated

at time 𝑡 . Indeed, if 𝑏𝑡
𝑖 𝑗

< 0 for all 𝑗 = 1, ..., 𝑀 , then 𝜋𝑡
𝑖 𝑗
𝑣𝑖 𝑗 − 𝜆 𝑗 < 0,

∀𝑗 = 1, ..., 𝑀 . Consequently, given that 𝛾𝑖𝑡 ≥ 0 we have

𝛾𝑖𝑡 − (𝜋𝑡𝑖 𝑗𝑣𝑖 𝑗 − 𝜆 𝑗 ) = 𝛾𝑖𝑡 − 𝑏𝑡𝑖 𝑗 > 0, (19)

for all 𝑗 = 1, ..., 𝑀 . Equivalently, 𝜆 𝑗 + 𝛾𝑖𝑡 > 𝜋𝑡
𝑖 𝑗
𝑣𝑖 𝑗 , ∀𝑗 = 1, ..., 𝑀 .

Thus, from complementary slackness of Constraint (18) it follows

that 𝑎𝑡
𝑖 𝑗

= 0 for all 𝑗 = 1, ..., 𝑀 . This implies that the user 𝑖 is not

allocated at time 𝑡 .

We now illustrate that as long as there exists at least one promoter

with a positive bid 𝑏𝑡
𝑖 𝑗

> 0 for user 𝑖 at time 𝑡 , then the user must be

allocated a promotion. Assume contrary, i.e., 𝑎𝑡
𝑖 𝑗

= 0 ∀𝑗 = 1, ..., 𝑀 .

Then, from complementary slackness of Constraint (4) it follows

that 𝛾𝑖𝑡 = 0. This implies that 𝜆 𝑗 ≥ 𝜋𝑡
𝑖 𝑗
𝑣𝑖 𝑗 for all 𝑗 = 1, ..., 𝑀 , or

equivalently, 𝜋𝑡
𝑖 𝑗
𝑣𝑖 𝑗 − 𝜆 𝑗 = 𝑏𝑡

𝑖 𝑗
≤ 0 for all 𝑗 = 1, ..., 𝑀 , which is a

contradiction.

Next, we show that if there exists at least one promoter with

a positive bid, then the user 𝑖 must be allocated to the highest

bidder. Let 𝑗∗ ∈ argmax𝑗 {𝑏𝑡𝑖 𝑗 }. We now assume contrary, i.e., that

user 𝑖 is allocated to promoter 𝑗 ≠ 𝑗∗. In this case, 𝑎𝑡
𝑖 𝑗∗ = 0, and

𝑎𝑡
𝑖 𝑗

= 1. Consequently, by complementary slackness we have 𝛾𝑖𝑡 =

𝜋𝑡
𝑖 𝑗
𝑣𝑖 𝑗 − 𝜆 𝑗 . This also means that

𝛾𝑖𝑡 ≥ 𝜋𝑡𝑖 𝑗∗𝑣𝑖 𝑗∗ − 𝜆 𝑗∗ = 𝑏𝑡𝑖 𝑗∗ > 𝑏𝑡𝑖 𝑗 = 𝜋𝑡𝑖 𝑗𝑣𝑖 𝑗 − 𝜆 𝑗 = 𝛾𝑖𝑡 (20)

which is a contradiction. Therefore, user 𝑖 must be allocated to 𝑗∗.
Finally, if the budget of promoter 𝑗 is exhausted, we remove

the bidder from the allocation problem to satisfy Constraint (3).

Q.E.D. □

Statement 2. Algorithm 2 outputs an approximately optimal
solution to Problem (2)-(4) that is O

(
log |1 + 2

Π max𝑖, 𝑗,𝑡 {𝜋𝑡𝑖 𝑗𝑣𝑖 𝑗 }|
)
-

competitive.

Proof. We first show that the solution produced by Algorithm 2

is always feasible. Indeed, at the first iteration all 𝑎𝑡
𝑖 𝑗

= 0 which is a

feasible solution for Problem (2)-(4). At each iteration of Algorithm

2 (i.e., the loops in lines 2-3) the budget constraint (3) is always

satisfied. Also, Algorithm 2 only allocates at most a single campaign

𝑗∗ to the user (line 11), which implies feasibility of Constraint (4).

We now illustrate that at each iteration the gap between the

primal solution and the dual solution is bounded. Indeed, as we

update the dual variables 𝑎𝑡
𝑖 𝑗

(line 6 of Algorithm 2), the respective

change of the primal objective (17) is:

𝜕P
𝜕𝑎𝑡
𝑖 𝑗

= 𝐵 𝑗
𝜕𝜆 𝑗

𝜕𝑎𝑡
𝑖 𝑗

+ 𝜕𝛾𝑖𝑡

𝜕𝑎𝑡
𝑖 𝑗

. (21)

We let

𝜆 𝑗 =
Π

2

exp

{ 𝐴
𝐵 𝑗

𝑇∑︁
𝑡=1

𝑁∑︁
𝑖=1

𝑎𝑡𝑖 𝑗

}
− Π

2

, (22)

𝛾𝑖𝑡 =
Π

2

exp

{
𝐴

𝑀∑︁
𝑗=1

𝑎𝑡𝑖 𝑗

}
− Π

2

. (23)

Consequently,

𝜕𝜆 𝑗

𝜕𝑎𝑡
𝑖 𝑗

=
𝐴

𝐵 𝑗

Π

2

exp

{ 𝐴
𝐵 𝑗

𝑇∑︁
𝑡=1

𝑁∑︁
𝑖=1

𝑎𝑡𝑖 𝑗

}
, (24)

𝜕𝛾𝑖𝑡

𝜕𝑎𝑡
𝑖 𝑗

= 𝐴
Π

2

exp

{
𝐴

𝑀∑︁
𝑗=1

𝑎𝑡𝑖 𝑗

}
. (25)

Therefore, we can re-write:

𝜕𝜆 𝑗

𝜕𝑎𝑡
𝑖 𝑗

=
𝐴

𝐵 𝑗

[
Π

2

exp

{ 𝐴
𝐵 𝑗

𝑇∑︁
𝑡=1

𝑁∑︁
𝑖=1

𝑎𝑡𝑖 𝑗

}
− Π

2︸                               ︷︷                               ︸
𝜆 𝑗 (see Equation (22))

+Π
2

]
=

𝐴

𝐵 𝑗

[
𝜆 𝑗 +

Π

2

]
.

(26)

Similarly, we obtain

𝜕𝛾𝑖𝑡

𝜕𝑎𝑡
𝑖 𝑗

= 𝐴

[
𝛾𝑖𝑡 +

Π

2

]
. (27)

Now, we can re-write Equation (21) as follows:

𝜕P
𝜕𝑎𝑡
𝑖 𝑗

=𝐴

[
𝜆 𝑗 + 𝛾𝑖𝑡 + Π

]
≤ 𝐴

[
𝜋𝑡𝑖 𝑗𝑣𝑖 𝑗 + Π

]
≤

2𝐴𝜋𝑡𝑖 𝑗𝑣𝑖 𝑗 = 2𝐴
𝜕D
𝜕𝑎𝑡
𝑖 𝑗

. (28)

Here, 𝜆 𝑗 + 𝛾𝑖𝑡 gradually increases until the respective constraint

(18) becomes binding. Thus, 𝜆 𝑗 + 𝛾𝑖𝑡 ≤ 𝜋𝑡
𝑖 𝑗
𝑣𝑖 𝑗 in lines 6-9 of Al-

gorithm 2. Consequently, the gap between the primal and dual

solutions is always bounded by 2𝐴.

Finally, let us derive the constant 𝐴. Assume that the budget

constraint (3) is binding for some 𝑗 , i.e.,
∑𝑇
𝑡=1

∑𝑁
𝑖=1 𝑎

𝑡
𝑖 𝑗

= 𝐵 𝑗 . In this

case, from Equation (22) we obtain:

𝜆 𝑗 =
Π

2

exp{𝐴} − Π

2

. (29)

From Constraint (18) we know that

𝜆 𝑗 ≥ 𝜋𝑡𝑖 𝑗𝑣𝑖 𝑗 − 𝛾𝑖𝑡 ≥ 𝜋𝑡𝑖 𝑗𝑣𝑖 𝑗 ∀𝑡, 𝑖 . (30)

Consequently, 𝜆 𝑗 must be at least max𝑡,𝑖 {𝜋𝑡𝑖 𝑗𝑣𝑖 𝑗 }. Therefore, from
Equation (29) we obtain:

𝐴 ≥ log(1 + 2

Π
max

𝑖, 𝑗,𝑡
{𝜋𝑡𝑖 𝑗𝑣𝑖 𝑗 }) (31)

Thus, we let 𝐴 = log

[
1 + 2

Π max𝑖, 𝑗,𝑡 {𝜋𝑡𝑖 𝑗𝑣𝑖 𝑗 }
]
. Q.E.D. □

Lemma1. Function 𝑓 (𝑞1, ..., 𝑞𝑀 , 𝜆1, ..., 𝜆𝑀 ) = (𝑓1, ..., 𝑓𝑀 ) is Lipschitz-
continuous.
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Proof. Consider first a single component of the function 𝜎 𝑗 (.).
We first show that all partial derivatives of 𝜎 𝑗 (.) are bounded.

First, let us re-write:

𝜎 𝑗 (𝑠1, ..., 𝑠𝑀 ) = min

{
1,

𝑁

𝐵 𝑗

exp

{
𝑞 𝑗 − Π

2
exp{𝐴𝑠 𝑗 } + Π

2

}∑𝑀
𝑘=1

exp

{
𝑞𝑘 − Π

2
exp{𝐴𝑠𝑘 } + Π

2

} }
.

(32)

Now, observe that if 𝜎 𝑗 = 1, then

𝜕𝜎 𝑗

𝜕𝑠 𝑗
= 0, and therefore, is

bounded. If 𝜎 𝑗 < 1, then we have:

𝜕𝜎 𝑗

𝜕𝑠 𝑗
=
𝑁

𝐵 𝑗

exp

{
𝑞 𝑗 − Π

2
exp{𝐴𝑠 𝑗 } + Π

2

}
(− Π

2
exp{𝐴𝑠 𝑗 }𝐴)

∑
𝑘≠𝑗 exp

{
𝑞𝑘 − Π

2
exp{𝐴𝑠𝑘 } + Π

2

}( ∑𝑀
𝑘=1

exp

{
𝑔𝑘 (𝜃𝑘 |𝑊𝑘 ) − 𝑤𝑘 · Π2 exp{𝐴𝑠𝑘 } + 𝑤𝑘

Π
2

})2 =

(33)

𝑁

𝐵 𝑗
(−𝑤𝑗

Π

2

exp{𝐴𝑠 𝑗 }𝐴) · 𝜎 𝑗 (1 − 𝜎 𝑗 ) . (34)

If follows then that

𝑁

𝐵 𝑗
(−𝑤𝑗

Π

2

exp{𝐴}𝐴) · 𝜎 𝑗 (1 − 𝜎 𝑗 ) ≤
𝜕𝜎 𝑗

𝜕𝑠 𝑗
≤ 𝑁

𝐵 𝑗
(−𝑤𝑗

Π

2

𝐴) · 1
4

, (35)

which implies that the derivative is bounded. Similarly, we can

show that

𝜕𝜎 𝑗

𝜕𝑠ℓ
is bounded for any ℓ ≠ 𝑗 :

TBD. Q.E.D. □

Statement 3. For any Π ≥ 0.064 and any compatible anticipated
budget utilisation 𝑔𝑇

𝑗
, 𝑗 = 1, ..., 𝑀 Algorithm 3 computes an approxi-

mately optimal solution to Problem (2)-(4) that is at least as good as
the one produced by Algorithm 2.

Proof. Observe that the only difference between Algorithm 2

and Algorithm 3 is in the update step in lines 10-11. We now show

that the change in the primal objective during this update step is

still bounded by the respective change in the dual objective:

𝜕P
𝜕𝑎𝑡
𝑖 𝑗

=
˜𝜆 𝑗

𝑔 𝑗
+ 𝜋𝑡𝑖 𝑗𝑣𝑖 𝑗 − ˜𝜆 𝑗 = ˜𝜆 𝑗

(
1

𝑔 𝑗
− 1

)
+ 𝜋𝑡𝑖 𝑗𝑣𝑖 𝑗 = (36)(

1

𝑔 𝑗
− 1

) [Π
2

exp{𝐴𝑔 𝑗 } −
Π

2

]
+ 𝜋𝑡𝑖 𝑗𝑣𝑖 𝑗 (37)

From the Taylor expansion we know:

exp{𝐴𝑔 𝑗 } ≤ 1 +𝐴 exp{𝐴𝑔 𝑗 }𝑔 𝑗 . (38)

Consequently,

𝜕P
𝜕𝑎𝑡
𝑖 𝑗

≤
(
1

𝑔 𝑗
− 1

) Π
2

𝐴 exp{𝐴𝑔 𝑗 }𝑔 𝑗 + 𝜋𝑡𝑖 𝑗𝑣𝑖 𝑗 ≤ (39)

𝜋𝑡𝑖 𝑗𝑣𝑖 𝑗

[
1 +

1 − 𝑔 𝑗
2

𝐴 exp{𝐴𝑔 𝑗 }
]
. (40)

Observe, that the term in the parentheses is maximized when 𝑔 𝑗 =
𝐴−1
𝐴

. Therefore,

𝜕P
𝜕𝑎𝑡
𝑖 𝑗

≤ 𝜋𝑡𝑖 𝑗𝑣𝑖 𝑗

[
1 + exp{𝐴 − 1}

2

]
. (41)

We now illustrate that for all 𝐴 ≤ 3.48 the term in the parentheses

is not larger than 2𝐴. This would imply that our statement holds

for any Π ≥ 2/exp{3.48 − 1} ≥ 0.064. Indeed,

1 + exp{𝐴 − 1}
2

≤ 2𝐴 (42)

implies

exp

{
𝐴 − 1

}
≤ 4𝐴 − 2. (43)

Figure 6: Numerical solution of Inequality (43).

Observe that the minimal value that𝐴 can take is𝐴𝑚𝑖𝑛 = log(1+
2

1
) = log(3) (see the dashed grey line in Figure 6). From Figure 6

we can also see that for all 𝐴 ≤ 3.48 Inequality (43) holds. □

Statement 4. If there exists an optimal solution to Problem (12)
that is compatible with Algorithm 3, then there also exists an optimal
solution 𝑝𝑡 that is consistent.

Proof. Let 𝑝𝑡 be the optimal solution to Problem (12) that is

compatible with Algorithm 3. We will now assume contrary, i.e.,

that 𝑝𝑡 is not consistent. W.l.o.g., we let 𝑡 be the earliest time step

when 𝑝𝑡 ≠ 𝑞𝑡 , and we let 𝑝𝑡
𝑗
> 𝑞𝑡

𝑗
for some campaign 𝑗 .

We let the anticipated budget utilisation at time 𝑡 be

𝑔𝑡𝑗 (𝑝
𝑡
𝑗 ) = min

{
1,
𝑄𝑡−1
𝑗
+ 𝑝𝑡

𝑗
𝑁

𝐵 𝑗

}
, (44)

and we let the actual budget utilisation be

𝑔𝑡𝑗 = min

{
1,
𝑄𝑡−1
𝑗
+ 𝑞𝑡

𝑗
𝑁

𝐵 𝑗

}
. (45)

From monotonicity of Equations (44) and (45) we see that 𝑝𝑡
𝑗
> 𝑞𝑡

𝑗

implies 𝑔𝑡
𝑗
(𝑝𝑡
𝑗
) ≥ 𝑔𝑡

𝑗
. Observe, that if 𝑔𝑡

𝑗
> 𝑔𝑡

𝑗
, then 𝑝𝑡

𝑗
cannot be

compatible (see Definition 2) which is a contradiction. If instead,

𝑔𝑡
𝑗
= 𝑔𝑡

𝑗
, then it must hold that 𝑔𝑡

𝑗
= 𝑔𝑡

𝑗
= 1. In this case, one

could gradually decrease 𝑝𝑡
𝑗
until 𝑝𝑡

𝑗
= 𝑞𝑡

𝑗
without affecting the

anticipated budget utilisation 𝑔𝑡
𝑗
(𝑝𝑡
𝑗
), and consequently, without

affecting the allocations produced by Algorithm 3. This would result

in a new optimal solution to Problem (12) that is compatible and

also consistent. Q.E.D. □
11
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Figure 8: Pacing coefficients 𝜆𝑗 of the same 𝑀 = 25 simu-
lated campaigns at time 𝑡 = 2. The pacing coefficients used by
Primal-Dual w. forecast are significantly larger than the ones com-
puted by Primal-Dual w. CPWU. This may lead to significantly
fewer allocations achieved by Primal-Dual w. forecast compared to
Primal-Dual w. CPWU.

A.1.1 Derivation of the Lower Bound.

max

𝑝𝑡 ∈Δ(𝑀 )
log

( 𝑇∑︁
𝑡=1

1

𝑇

𝑀∑︁
𝑗=1

𝑞𝑡𝑗 (𝑝
𝑡 )𝑟𝑡𝑗

(
𝑝𝑡 , 𝑞𝑡 (𝑝𝑡 )

) )
≥ (46)

max

𝑝𝑡 ∈Δ(𝑀 )

𝑇∑︁
𝑡=1

1

𝑇
log

( 𝑀∑︁
𝑗=1

𝑞𝑡𝑗 (𝑝
𝑡 )𝑟𝑡𝑗

(
𝑝𝑡 , 𝑞𝑡 (𝑝𝑡 )

) )
≥ (47)

max

𝑝𝑡 ∈Δ(𝑀 )
1

𝑇

𝑇∑︁
𝑡=1

log

( 𝑀∑︁
𝑗=1

𝑝𝑡𝑗

𝑞𝑡
𝑗
(𝑝𝑡 )
𝑝𝑡
𝑗

𝑟𝑡𝑗
(
𝑝𝑡 , 𝑞𝑡 (𝑝𝑡 )

) )
≥ (48)

max

𝑝𝑡 ∈Δ(𝑀 )
1

𝑇

𝑇∑︁
𝑡=1

𝑀∑︁
𝑗=1

𝑝𝑡𝑗 log

(𝑞𝑡
𝑗
(𝑝𝑡 )
𝑝𝑡
𝑗

𝑟𝑡𝑗
(
𝑝𝑡 , 𝑞𝑡 (𝑝𝑡 )

) )
≥ (49)

max

𝑝𝑡 ∈Δ(𝑀 )
1

𝑇

𝑇∑︁
𝑡=1

𝑀∑︁
𝑗=1

(
𝑝𝑡𝑗 log

𝑞𝑡
𝑗
(𝑝𝑡 )
𝑝𝑡
𝑗

+ 𝑝𝑡𝑗 log 𝑟
𝑡
𝑗

(
𝑝𝑡 , 𝑞𝑡 (𝑝𝑡 )

) )
= (50)

max

𝑝𝑡 ∈Δ(𝑀 )
1

𝑇

𝑇∑︁
𝑡=1

(
𝑀∑︁
𝑗=1

𝑝𝑡𝑗

[
log 𝑟𝑡𝑗

(
𝑝𝑡 , 𝑞𝑡 (𝑝𝑡 )

)
+ log𝑞𝑡𝑗 (𝑝

𝑡 )
]
+ 𝐻 (𝑝𝑡 )

)
.

(51)

A.2 Simulator
Figure 7 illustrates the distributions of scores 𝜋𝑖 𝑗 of three campaigns

𝑗 = 0, 12, 24 used in our offline experiments in Section 5.1. We can

see that the distributions gradually shift towards the lower levels

of click probability, s.t, the campaigns with larger indices have less

clickable content.

Figure 7: Simulations setup (synthetic data).

Figure 8 illustrates the pacing coefficients of all 𝑀 = 25 simu-

lated campaigns computed with Primal-Dual w. CPWU (y-axis) vs.

Primal-Dual w. forecast (x-axis) at time 𝑡 = 2. We can see that the

pacing coefficients computed by Primal-Dual w. forecast are signifi-
cantly larger than their counterparts computed by Primal-Dual w. CPWU
at the same time step. This implies that the campaigns are paced

much more aggressively by Primal-Dual w. forecast already at the

very beginning of their duration. This results in a significantly

fewer allocations relative to Primal-Dual w. CPWU, decreasing the

total allocated value.
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